The Teichmüller functor maps the category of elliptic curves over the field of characteristic zero to a category of the Effros-Shen algebras [9] . In the present note, we extend the functor to include the elliptic curves over the field of characteristic p. In particular, it is shown that the localization of a commutative ring at the maximal ideal corresponds to a crossed product of the Effros-Shen algebra by the p-th power of its shift automorphism. The Cuntz-Krieger algebra is, therefore, an example of the noncommutative local ring.
Introduction
A. The Effros-Shen algebras. Let θ > 0 be an irrational number given by the regular continued fraction [a 0 , a 1 , a 2 , . . .], where a 0 ∈ N ∪ 0 and a i ∈ N for i ≥ 1. By an Effros-Shen algebra, one understands the AF -algebra A θ given by the Bratteli diagram in Fig.1 [6] . The A θ is said to have a real multiplication, if θ is a quadratic irrationality [8] . The Effros-Shen algebra with a real multiplication we shall denote by A θRM . In view of periodicity of the continued fraction for θ RM , it is immediate that the A θRM is a stationary AF -algebra ( [5] , Ch.6). The incidence matrix of the latter we shall write as A ∈ GL 2 (Z). Recall that the C * -algebras A, A ′ are said to be stably isomorphic, if A ⊗ K ∼ = A ′ ⊗ K, where K is the C * -algebra of the compact operators. In particular, the AFalgebras A θ , A θ ′ are stably isomorphic, whenever θ ′ = (aθ + b)/(cθ + d), where (a, b, c, d) ∈ SL 2 (Z) [6] . Recall that the automorphism group of the A θ is trivial, unless θ = θ RM . The Aut (A θRM ) ∼ = Z with the canonical generator called a shift automorphism σ A [5] , p.38. The Effros-Shen algebras is a convenient model of the noncommutative tori [6] , [8] . curve E(C) : y 2 = 4x 3 −g 2 x−g 3 in the complex projective plane [11] . For brevity, we denote such a curve by E τ , where τ = ω 2 /ω 1 . Recall that the E τ , E τ ′ are isomorphic, whenever τ ′ = (aτ +b)/(cτ +d), where (a, b, c, d) ∈ SL 2 (Z). If τ is an imaginary quadratic number, the E τ is said to have a complex multiplication [11] . We shall denote such a curve by E CM . Let B be the category of the complex elliptic curves, whose arrows are isomorphisms of the curves. Likewise, let A be the category of the Effros-Shen algebras, whose arrows are stable isomorphisms of the algebras.
Lemma ( [9] , [10] ) There exists a covariant non-injective functor F : B → A (a Teichmüller functor), which maps isomorphic elliptic curves to the stably isomorphic Effros-Shen algebras. In particular, F (E CM ) = A θRM .
Consider the cubic E
To find λ corresponding to the E CM , one has to solve the polynomial equation j(E CM ) = j(E λ ) with respect to λ. Since j(E CM ) is an algebraic integer ( [11] , p.38, Prop.4.5 b), the λ CM ∈ K, where K is an algebraic extension (of the degree at most six) of the field Q(j(E CM )). Thus, each E CM is isomorphic to a cubic y 2 = x(x − 1)(x − λ CM ) defined over the field K. We shall write this fact as E CM ∼ = E(K).
C. The reduction of E(K) modulo a maximal ideal p ( [4] , §8.4). Let Q be the algebraic closure of Q and Z its ring of the algebraic integers. Let p be a maximal ideal in the field K ⊂ Q. The intersection p ∩ Z is a maximal ideal of Z, so it takes the form pZ for some rational prime p. (The correspondence p ↔ p is a bijection.) Recall that a localization of Z at p is Z (p) := {x/y : x, y ∈ Z, y ∈ p}. Consider a natural surjection ⋆ : Z (p) → F p , given by the factorization of the local ring Z (p) by its unique maximal ideal pZ (p) . The curve
will be referred to as a reduction of E(K) at the prime p. The reduction is called good if ∆ ⋆ = 0, where ∆ is the discriminant of the E(K). It is not hard to see, that the good reduction of E(K) at p defines an elliptic curve over a finite field of the characteristic p.
D. An objective. Let p be a prime number and F : B → A the Teichmüller functor. For the E CM ∈ B denote by E(F p ) a good reduction of the E CM ∼ = E(K) at the prime p. Our objectives can be expressed as follows.
Main problem. To extend the domain of F to the elliptic curves E(F p ). To find the range of F on the extension.
E. The Cuntz-Krieger algebras. Let A = (a ij ) be an n× n matrix of 0's and 1's. A Cuntz-Krieger algebra, O A , is the universal C * -algebra generated by the partial isometries s 1 , . . . , s n , which satisfy the relations s *
The notion is extendable to the matrices with the non-negative integer entries, see [3] , Remark 2.16. If A is a stationary AF -algebra given by the matrix A, then O A ⊗ K ∼ = A ⋊ σA Z, where the crossed product is taken by the shift automorphism σ A , see [1] , §10.11.9.
F. The result. Let p be a prime number and E CM ∈ B an elliptic curve with the complex multiplication. The E(F p ) denotes a good reduction of the E CM at p. Let B p := {E(F p ) | E CM ∈ B} be a union of all good reductions of E CM , when E CM runs all elliptic curves with the complex multiplication. Likewise, let
, E CM ∈ B} be a union of all crossed products of the Effros-Shen algebras with a real multiplication in the image of the Teichmüller functor by the p-th power of the shift automorphism.
Z, where A θRM = F (E CM ) and σ A the shift automorphism of A θRM . Our result can be formulated as follows. 
The note is organized as follows. Theorem 1 is proved in section 1. In section 2, some applications of theorem 1 are discussed.
Proof of theorem 1
Let p be a prime and E(F p ) a good reduction of E(K) at the prime. Let E = {E ′ (K) : E ′ ∼ = E(K)} be an isomorphism class of the elliptic curve E(K) and E p a set of the reduced E ′ ∈ E. (Note that if E has a good reduction at p, so does any E ′ ∈ E.) According to Prop. 8.4.2 of [4] , any E( Proof. One can use the notion of a dimension group to prove this fact. (See [5] for a definition of the dimension group.) Let Z + Zθ RM and Z + Zθ Proof. One can prove the lemma using the subshifts of finite type (SFT) [7] . Recall that a full Bernoulli n-shift is the set X n of bi-infinite sequences x = {x k }, where x k is a symbol taken from a set S of cardinality n. The set X n is endowed with the product topology, making X n a Cantor set. The shift homeomorphism σ n : X n → X n is given by the formula σ n (. . .
The homeomorphism defines a (discrete) dynamical system {X n , σ n } given by the iterations of σ n . Let A be an n × n matrix, whose entries a ij := a(i, j) are 0 or 1. Consider a subset X A of X n consisting of the bi-infinite sequences, which satisfy the restriction a(x k , x k+1 ) = 1 for all −∞ < k < ∞. By definition, σ A = σ n | X A and the pair {X A , σ A } is called a SFT. A standard edge shift construction described in [7] allows to extend the notion of SFT to any matrix A with the non-negative entries.
It is well known that the SFT's {X A , σ A } and {X B , σ B } are topologically conjugate (as the dynamical systems) if and only if the matrices A and B are strong shift equivalent (SSE), see [7] for the corresponding definition. Recall that the matrices A and B are said to be shift equivalent (SE), iff there are non-negative matrices R and S and a positive integer k (a lag), satisfying the equations AR = RB, BS = SA, A k = RS and SR = B k . Finally, the SFT's {X A , σ A } and {X B , σ B } (and the matrices A and B) are said to be flow equivalent (FE) if the suspension flows of the SFT's act on the topological spaces, which are homeomorphic under a homeomorphism that respects the orientation of the orbits of the suspension flows. We shall use the following implications:
(The first implication is rather classical, while for the second we refer the reader to [7] , p.456.) We further restrict to the SFT's given by the matrices with determinant ±1. In view of Corollary 2.13 of [12] , the matrices A and A ′ with det (A) = det (A ′ ) = ±1 are SE if and only if A, A ′ are the similar matrices in GL n (Z). In particular, the SFT's {X A , σ A } and {X A ′ , σ A ′ } are FE.
One can now apply the known result due to Cuntz and Krieger [3] . Namely, that the C * -algebra O A ⊗ K is an invariant of the flow equivalence of irreducible SFT's, see p. 252 of [3] and its proof in Sect. 4 of the same work. Thus, O A , O A ′ are stably isomorphic.
Note that if A, A
′ are similar, so will be every power n of these matrices.
) Theorem 1 follows from lemma 2 and the condition n = p.
1 The functor F p is covariant, since it is derived from a covariant functor F .
Applications
A. The arithmetic schemes and the Effros-Shen algebras. Let P be the set of prime numbers. One can think of E(K) as an arithmetic (affine) scheme X = (Spec R, O R ), where R is the coordinate ring of E(K). The scheme X is defined over Z. On the other hand, the group Aut (A θRM ) is isomorphic to Z with the generator σ A . Thus, a natural embedding P → Z (defined up to ±Id) gives a bijection between the local rings of the Spec R and the noncommutative local rings O A p . (This explains the choice n = p in the proof of theorem 1.) The author thinks, that the Effros-Shen algebras absorb almost all (if not all) essential data of the arithmetic scheme.
Conjecture 1
The category of the arithmetic schemes X is equivalent to the category A CM of the Effros-Shen algebras with real multiplication.
B. The L-function of the Effros-Shen algebra. The collection of local rings {O A p | p ∈ P} can be used to assemble a global L-function of the A θRM as follows.
be the K 0 -group of the Cuntz-Krieger algebra. For each p ∈ P consider a local zeta function:
(The reader can recognize that ζ(O A p , z) coincides with the Artin-Mazur zeta function of the autmorphism A p of the lattice Z 2 . The series has a positive radius of convergence to a rational function.) We let
be a product of the local zeta functions over all prime numbers. The following conjecture says that theétale cohomology of E(F p ) coincides with the K-theory of the Cuntz-Krieger algebra O A p .
Conjecture 2
The L(A θRM , s) ≡ L(E CM , s), where L(E CM , s) is the HasseWeil L-function of the elliptic curve E CM .
C. The discriminant of the Effros-Shen algebra. Let P ′ ⊂ P be a subset of primes p, such that E(K) has a good reduction in p. The P − P ′ is a finite set consisting of the primes ∆(E(K)) = 0 mod p, where ∆ is the discriminant of E(K). Can one detect those bad primes from the Effros-Shen algebra A θRM ? To answer the question, let m := Z + Zθ be the dimension group of 
